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The algebraic formalism of Q E D is expounded in order to demonstrate both the resolution 
of constraints and to verify gauge equivalence between temporal gauge and Coulomb gauge 
on the quantum level. In the algebraic approach energy eigenstates of Q E D in temporal gauge 
are represented in an algebraic G N S basis. The corresponding Hilbert space is mapped into a 
functional space of generating functional states. The image of the QED-Heisenberg dynamics 
becomes a functional energy equation for these states. In the same manner the Gauß constraint is 
mapped into functional space. By suitable t ransformations the functional image of the Coulomb 
forces is recovered in temporal gauge. The equivalence of this result with the functional version 
of Q E D in Coulomb gauge is demonstrated. The meaning of the various transformations and their 
relations are illustrated for the case of harmonic oscillators. If applied to Q C D this method allows 
an exact derivation of effective color "Coulomb" forces, in addition it implies a clear conception 
for the incorporation of various algebraic representations into the formal Heisenberg dynamics and 
establishes the algebraic "Schrödinger" equation for quantum fields in functional space. 

PACS 12.20: Quantum electrodynamics 

1. Introduction 

Quantum field theories describe physical systems 
with an infinite number of degrees of freedom. As 
a consequence these theories possess anti-liminary 
field algebras which have an infinite number of in-
equivalent representations [1]. This fact necessitates 
to abandon the methods of Hilbert space quantum 
mechanics in favour of an application of algebraic 
methods for a proper evaluation of the theory. So far 
these algebraic methods have been successfully used 
for the derivation of definite physical results only in 
the case of nonrelativistic quantum field theories [2], 
but not in the case of relativistic quantum field theories 
[3]. Due to local interactions, singularities, renormal-
ization, etc., the latter ones are at present not in the 
realm of rigorous mathematical deduction for non-
trivial realistic d = 4 models. Nevertheless, even for 
such systems one can try to extract valuable physical 
information by means of algebraic concepts if in a first 
step one does it without proofs of existence. In this 
case a formalism can be developed which is adapted 
to the needs of relativistic quantum field theories and 

Reprint requests to Prof. H. Stumpf. 

is based on the central concepts of algebraic repre-
sentation theory. This formalism can be characterized 
as functional quantum theory and was introduced by 
Stumpf and coworkers, see [4], It was successfully 
applied to the problem of deriving effective theories 
for composite particles in relativistic quantum field 
theory. 

In the present paper and in a subsequent paper the 
application of functional quantum theory will be ex-
tended in order to include the constraints of abelian 
and nonabelian gauge theories into the algebraic for-
malism and to draw conclusions about quantization, 
effective forces, etc., resulting from the incorporation 
or elimination of constraints. The central ingredients 
of this approach are Heisenberg's equation of motion 
and the GNS-state construction [5]; and apart f rom 
the problem of existence, all formal proofs are based 
on exact algebraic rearrangements. Furthermore, an 
appropriate modern treatment of the equations of mo-
tion which is in accordance with algebraic represen-
tation theory, consists in a map of the corresponding 
state space into a functional state space, mapping the 
Heisenberg equations of motion into functional equa-
tions. From the very beginning we will use this for-
mulation which extends the usual functional calculus 
of statistical mechanics and quantum field theory by 
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explicit construction of linear functional state spaces 
isomorphic to the underlying state spaces of the quan-
tum fields, and which motivates the term 'functional 
quantum theory' . Details of this method are given 
in [4], 

However, for the resolution of the constraints in 
quantized gauge theories only a part of the formalism 
of functional quantum theory is needed. Leaving aside 
the treatment of the metrical structure, i.e., the inner 
products of functional states and the construction of 
the time evolution operator (effective Hamiltonian), 
both depending on the special algebraic representa-
tion, we concentrate our treatment on that part of the 
functional quantum theory which is independent of 
special representations and which on the other hand 
is sufficient to solve the constraint problem. This in-
cludes that the Hamiltonian occurring in Heisenberg's 
equation of motion is only a formal quantity con-
nected with the representation-free dynamics of the 
system which is unobservable. The effective time evo-
lution of the system results from the combination of 
the formal system dynamics with special representa-
tions and yields an effective generator of time transla-
tions in functional space different f rom H . In addition, 
in our approach the physical states and not the V.E. V. 
are the primary objects of discussion. This difference 
to common treatments, where V.E. V.s are exclusively 
considered, and the omission of inner product con-
struction and effective time evolution have to be ob-
served in the following in order to avoid misinterpre-
tations of the calculations presented in this paper. 

The use of Heisenberg's equations of motion is 
closely related to the Hamilton formalism and in 
gauge theories this formalism is connected with the 
temporal gauge if one wants to quantize the field in 
"cartesian" field coordinates [6]. In this way the dif-
ficulties with curvilinear coordinates, etc., resulting 
f rom other gauges, are avoided. Hence we will work in 
a noncovariant gauge. Although in relativistic quan-
tum field theories the covariant gauges play a pre-
ferred role, for theoretical as well as practical reasons 
also noncovariant gauges are increasingly studied [7]. 
This stems from the fact that in spite of great ef-
forts the quantization of abelian and nonabelian gauge 
fields is still controversial. For instance, in [8] it is 
stated that for field quantization the temporal gauge 
seems to be the only practical way to proceed, while in 
[9] it is stated that the temporal gauge is still the most 
complicated and cumbersone gauge choice. This indi-
cates that at present a compelling rigorous deduction 

of gauge field quantization does not exist. Indeed, in 
particular for nonabelian gauge fields in noncovariant 
gauges the consequences of field quantization have 
so far not been rigorously evaluated. With respect to 
covariant gauges the quantization enforces the intro-
duction of auxiliary fields, the consequences of which 
are also unclear. In order to avoid complications by 
auxiliary fields and in addition by indefinite metric 
the noncovariant gauges are indicated. 

Among these noncovariant gauges the Coulomb 
gauge was the object of many investigations. How-
ever, in Coulomb gauge a nonabelian field is de-
scribed in generalized noncartesian field coordinates 
and field momenta [6] which prevents a straightfor-
ward application of the algebraic field quantization 
method and enforces a quantum field description by a 
mechanical Hamilton operator with an infinite num-
ber of degrees of freedom and incalculable noncar-
tesian metric. Although in quantum electrodynamics 
the Coulomb gauge is the most familiar and the most 
"physical" noncovariant gauge, for nonabelian fields 
we have to reject it in order to preserve the appli-
cability of algebraic methods. With respect to these 
methods the temporal gauge seems to be the most ap-
propriate one. We will discuss it in these papers for 
abelian as well as for nonabelian fields. 

We start in this first paper with the treatment of 
quantum electrodynamics. By means of the algebraic 
formalism we transform the functional version of the 
temporal gauge into a form in which the Coulomb 
forces explicitly appear. This is equivalent to the elim-
ination of the Gauß constraint and its redundant vari-
ables. In the following paper we will demonstrate that 
also nonabelian quantum fields in temporal gauge can 
be treated along the same lines, thus avoiding the dif-
ficulty of introducing noncartesian coordinates into 
the theory. It is this advantage which is the essential 
part of the algebraic approach and although quantum 
electrodynamics has been so extensively treated (even 
in this case) the scarcely used algebraic approach of-
fers new insights into the structure of abelian gauge 
theories. In this respect a comment is given at the end 
of Section 6. 

2. Classical spinor electrodynamics 

As will be demonstrated in the following, in spite 
of the fact that all gauges should be equivalent, the 
temporal gauge is a distinguished gauge for the appli-
cation of algebraic representation theory to quantum 
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fields. On the other hand the temporal gauge still al-
lows residual gauge transformations which are ac-
companied by the appearance of redundant variables. 
To make the theory well defined these redundant 
variables must be eliminated. In electrodynamics the 
Coulomb gauge satisfies this requirement. Hence one 
is confronted with the task to derive the Coulomb 
force in temporal gauge. We first treat the temporal 
gauge for classical electromagnetic fields. We adopt 
the metric = diag (1, - 1 , - 1 , — 1) w i t h a l = ( i , r ) 
and = (A0, A) in the following. 

We take into account the coupling of the electro-
magnetic field to fermions. The Lagrangian of this 
system reads 

C = F>lvFfU,+Wi'fDp - m)ijj (1) 

with Fpy := Av - d„AM and Dß := - ieA^. The 
canonical conjugate momenta of the electromagnetic 
field are 

:= = F0k = Ek, k= 1 ,2 ,3 , (2) 
cd Ak 

6C 

Sd°A0 
= 0. 

The vanishing of iro indicates that A 0 is a superfluous 
variable. We use the gauge freedom to remove A0 

from the theory by setting Aq = 0, see, e.g., [8]. In 
this temporal gauge we formulate the field equations 
resulting from (1) in terms of canonical conjugate 
variables and for a compact notation we introduce su-
perspinors ip := {ip,ipc}, with ipc charge conjugated 
spinor. Then the field equations read 

iip = ~{iakdk - ßm)ip - Aka3ip, (3) 

E
k = i^ipC-fka2iP + (d0dkAJ -djdJAk), 

Ak = -Ek, 

dkEk = (4) 

where the u-matrices ( = Pauli matrices) act on the 
superspinor indices. The Hamiltonian belonging to 
this system is given by 

H = d \ [ E k E k + (V x A)k(V x A)k] 

+ J d2rip+ Qa-D + mß\ip 

if formulated in terms of conjugate variables. 

If instead of the Lagrange formalism one applies 
the Hamilton formalism for the derivation of the field 
equations, only equations (3) result but not the Gauß 
law (4). This somewhat unsatisfactory fact is, how-
ever, no shortcoming of the Hamilton formalism, be-
cause H allows residual gauge transformations which 
are closely connected with the Gauß law, as can 
be best demonstrated in the quantum version of the 
theory. 

The residual gauge transformations are defined by 

ip'(r, t) = exp [—iecü(r)]ip(r, t) 

for Dirac spinors, and 

A'(r,t) = A(r,t) + Vco(r), 

E'(r,t) = E(r, t) 

(6) 

(7) 

for the fields and leave H invariant. The gauge func-
tions u ( r ) are time-independent. This invariance in-
dicates the existence of redundant variables. In the 
classical version of the theory we can transform the 
system into the Coulomb gauge. We remove the longi-
tudinal part of A(r, 0) f rom the Hamiltonian (5) taken 
at t = 0. To that end we decompose the fields into 
transversal and longitudinal parts: 

A = Atr +Af, E = EÜ+Ee (8) 

In this decomposition the dynamical equations (3) can 
be written 

iip = —(iadk - ßm)ip - e7°7 * Altrip 

iE* = —(^PeipC/yk<j2ip, 

Al = -Ek ; Al = -Ek, 

k (9) 

where P t r and P i are the corresponding projection 
operators, and the Hamiltonian (5) can be written as 

H=l- Jd3r [EkEk + ( V x Atr)fc(V x Atr)fc] 

+i j d\EkEk 

+ J d3rip+ • V + mß^j 

- J d3rip+ea • (Atr + Ai)ip. 

( 1 0 ) 

1P 
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As H is gauge invariant against the transformations 
(6) and (7), it is for any gauge H = H'. We use 
this property to remove superfluous variables. If we 
decompose the A-equation of (7) into longitudinal 
and transversal parts we obtain 

A [ r = A t r ; A ' ^ A i + Vu) (11) 

Furthermore, the longitudinal part of A has to be ex-
pressible as a gradient A e = VA. Hence we can write 

VA ' = VA + Vu; (12) 

Gauge fixing is achieved by postulating A'e = 0. Then 
(12) goes over into 

VA = - V w , (13) 

the solution of which is u> = — A, apart f rom a constant. 
In this case H' reads 

H' = HS j d3rE$E% 

I ^ G 
a-V + mß)ip (14) 

— I d3rip+ea • Aüip, 

where in addition the Gauß law 

dkE{ = -i-ipc^a2ip (15) 

has to be taken into account. With the ansatz Ek = 
—dip we obtain from (15) 

ie 
¥>(r) = /

d 3r' 

— - d p c ^ ^ m ' ) , ( i6 ) 

and by partial integration we have 

l- J d 3rEkEk = - l - J d 3rip{r)Aip{r), (17) 

which yields the Coulomb interaction if one substi-
tutes (16) into this equation. Thus by substituting (17) 
into (14), H' becomes identical with the Hamiltonian 
in the Coulomb gauge. 

Summarizing the essentials of the transition from 
the temporal gauge into the Coulomb gauge, one 
learns that the use of the Hamilton formalism is basic 
for the success of this undertaking. Thus if we want 

to transfer this method into quantum theory we are 
forced to employ a combination of the Hamilton for-
malism with general algebraic representation theory 
of quantum fields. 

3. Quantization in temporal gauge 

We consider the system defined by the Lagrangian 
(1) in temporal gauge. In this case the canonical con-
jugate variables for Ak are given by (2), and due to 
the canonical quantization principle this leads to the 
commutation relations 

Ek(r,t\Ak\r',t) = i6kk,6(r - r') (18) 

for the electromagnetic fields, while for the fermion 
superspinors the anticommutation relations 

[ipaA(rA)ilwA>(.r'1t)}+ = (C^)aala\Ä,6(r-r')(\9) 

have to hold. All other commutation relations for the 
electromagnetic fields and anticommutation relations 
for the Fermi fields vanish. 

As a consequence of the canonical quantization 
principle also the Hamiltonian and the gauge trans-
formations become operators, which however cannot 
be defined within a corresponding operator topol-
ogy for infinite volume V = IR3. Nevertheless, in 
the following we shall use the Hamiltonian and the 
gauge operators as formal implementation operators 
on the field operator algebra which allows to apply 
the formalism of general quantum theory to the sys-
tem under consideration. If afterwards this formalism 
is combined with the algebraic description of infi-
nite systems this results in well-defined operators and 
operations in functional space which are equivalent 
to well-defined relations between well-defined ma-
trix elements in physical state space. This has to be 
observed with respect to the following discussion. 

As the residual gauge transformations are the 
source of constraint equations and redundant vari-
ables we have to study them in the quantum version 
of the theory. 

If gauge transformations are to be implemented in a 
linear space (Hilbert space), they are to be subjected 
to the correspondence principle as any other trans-
formation. That means one has to construct a linear 
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operator U, so that 

A' = UAU~1=A + VLJ, 

tl>' = UipU'1 = 
E' = UEU~X = E. 

(20) 

The corresponding operator U reads for uj(r) testfunc-
tion £ C0°°(IR3) 

U := exp cv(r) V • E(r) 

te 
+ ^ ( r ) C 7 V ^ ( r ) d r 

(21) 

and can be used in accordance with the comments 
given above. According to (20) the result of the ap-
plication of U is analogous to the classical gauge 
transformation for the field operators. Therefore it 
follows that the Hamiltonian (5) is invariant under 
gauge transformations on the quantum level, too, i.e. 
we have 

H' = UHU~X =H (22) 

or [H, U]- = 0. Thus H and U must have common 
eigenstates in a representation. However, as the resid-
ual gauge transformations are generated by means of 
infinitesimal generators 

Gir) := V • E(r) — tpir) (23) 

with pir) \= -±ipir)CYazipir), it follows from (22) 
that also 

[ # , G ( r ) ] _ = 0 (24) 

must hold. Hence instead of U its generator can be 
used to characterize the eigenstates of the theory. Thus 
the complete state space of the theory is characterized 
by the eigenvalue equations 

H\a) = Ea\a), 

G(r)\a) = ga\a), 

(25) 

(26) 

if preliminarily we restrict the coordinate space to a 
finite volume V in order to obtain finite energy values. 
Later on we lift this restriction. 

The solutions of these equations are not all phys-
ically relevant. According to the gauge principle all 
observable quantities have to be gauge invariant. If 

one extends this condition to the state space of a quan-
tum theory the observable states |a) must be invariant 
under gauge transformations, i.e., among all possible 
representations of the gauge group only singlett states 
are physically meaningful. A singlett state is invariant 
under all group operations, i.e. 

and from (27) 

Gir)\a) s ing l . = 0 

(27) 

(28) 

can be deduced, or ga = 0 for physically relevant 
states. This is the quantum version of the Gauß law 
and due to the requirement of the invariance of the 
physical states | a) under gauge transformations it is 
obvious that in contrast to the equations of motion, 
the Gauß law cannot be assumed to hold as an op-
erator equation. Rather from its derivation it must 
be considered as the consequence of the eigenvalue 
equation (27). 

For an illustration of this condition one can com-
pare (27) with a quantum mechanical system with 
rotational invariance of the Hamiltonian, where only 
states are admitted which are also rotationally invari-
ant, i.e. have angular momentum zero. From these 
considerations it is also obvious that this interpreta-
tion of the Gauß law cannot be in conflict with the 
commutation relations (18) and one gets a physical 
motivation for the postulate of the weak Gauß law in 
conventional quantum electrodynamics which coin-
cides with (28). 

In quantum mechanics of systems with rotational 
invariance the states with definite value of angular 
momentum can be selected by the introduction of 
new variables which reflect the properties of angular 
momentum operators. In particular states with angular 
momentum zero are constructed by variables which 
are rotationally invariant. It is this fact which could 
induce one to use gauge invariant variables for a closer 
inspection of the gauge invariant states \a). 

In accordance with algebraic representation theory 
of quantum states one has to assume that a special state 
space of a quantum field theory can be represented by 
a set of GNS-basis vectors. These basis vectors are 
generated by the projection of ordered monomials of 
field operators on a cyclic vacuum state |0) of the 
system. In the case of quantum electrodynamics the 
elementary independent field operators are given by 
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A and E and ip and ip. Then the GNS-monomials are 
composed of these elementary operators which play 
the role of 'cartesian' coordinates for the field system. 
But following the idea of representing gauge invari-
ant states by gauge invariant "coordinates", i.e. field 
variables, one can try to introduce combinations of 
elementary field operators which are gauge invariant; 
for instance 

ipc
0(r)[dk + ieAe

k]ipa(r) 
iPß(r)[dk - ieA[Wair) 
Va(r)iPß(r\ ipa(r)ipß(r) 

i.e. it holds 

UXz(r)U-1 = Xz(r) 

= ixzir)} , (29) 

(30) 

for all elements of the set (29) as can be verified by 
means of (20). 

The corresponding GNS-states are then given by 

In, Z\.. .rN, Zn) \= 

[xzM\)---XzNirN)] |0), 
(31) 

where []ord means an appropriate ordering which will 
be specified in the following section, and |0) means 
the gauge invariant cyclic vacuum state of the system. 
From these definitions it follows that the states (31) 
are gauge invariant, i.e. 

U\r i, Z\ ...rN,ZN) = | ruZ\ ...rN,ZN), (32) 

and if we confine ourselves to small gauge transforma-
tions by using an expansion of (21) and substituting 
it into (32), then from (32) it follows 

G(r)\r\, Z\ .. . r jv , ZN) = 0, (33) 

i.e. for the gauge invariant GNS-basis states the pos-
tulate (28) is satisfied. Therefore, in accordance with 
the equivalent postulate of gauge invariant states |a) 
these states have to be represented by the general ex-
pansion 

N J 

• Zj .. .rN,ZN)d3r{ ... dV^ 

which guarantees that postulate (28) is satisfied. 

(34) 

In the literature several attempts were made to re-
formulate abelian and nonabelian gauge theories in 
terms of gauge invariant local field operator combi-
nations on the classical level [10]. But with respect 
to the use of such variables the difficulties arise on 
the quantum level. While in the abelian case, for in-
stance quantum electrodynamics in Coulomb gauge, 
these difficulties can be mastered, in nonabelian the-
ories no final answers allowing a straightforward al-
gebraic treatment have so far been found. Hence we 
cannot apply this approach. A related approach is 
the use of nonlocal gauge invariant variables, i.e. the 
loop variables [11]. The corresponding formalism was 
successfully developed for quantum electrodynamics 
[12]. But in the same paper the unsolved problems 
of this approach were emphasized with respect to its 
applications to nonabelian theories, see also [13]. As 
we intend to treat nonabelian theories and consider the 
algebraic treatment of quantum electrodynamics only 
as a preparation for the nonabelian case, it therefore 
is of no use to apply loop variables. We thus continue 
to work with Cartesian coordinates in the following. 

In the mathematical treatment of algebras the var-
ious representations of abstract algebras are charac-
terized by the definition of "algebraic states", which 
are different from the physical states | a) in Hilbert 
space. In the subsequent section we will introduce 
a modified concept of algebraic states which allows 
the actual treatment of quantum systems by direct 
calculations. By means of this formalism we shall 
transform the temporal gauge into a form where the 
Coulomb forces explicitly appear. 

4. Algebraic theory of quantum electrodynamics 

Our aim is to derive a formulation of quantum elec-
trodynamics which 

i) is consistent with algebraic representation 

theory, 

ii) allows practical calculations, 

iii) contains no redundant variables, and 

iv) can be transferred to nonabelian theory. 

To achieve this aim we start with the algebraic formu-
lation of quantum electrodynamics in temporal gauge 
and then extract the Coulomb force. We shall pro-
ceed in close analogy to the classical case and it is 
the first task in this section to show that the algebraic 
formalism indeed exhibits this analogy. In doing so 
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we cannot present in detail the foundations of this 
algebraic formalism; we refer to the literature [4] and 
only explain its essentials. 

The basis of the algebraic evaluation of quantum 
field dynamics is given by the Heisenberg relation 
iO = [O, which when projected on energy 
eigenstates (0| and |a) yields 

AE{0\0\a) = ( 0 | [ 0 , # ] _ | a ) , (35) 

where O is any element of the field operator algebra 
but not H in general. This relation is only applicable 
to the genuine dynamical equations, but not to the 
constraints. In particular if we work in temporal gauge 
with the Gauß law as constraint, we have to include 
the Gauß law into this formalism. 

Following previous investigations the algebra ele-
ments O can be chosen as monomials of field opera-
tors in order to describe the dynamics of the quantized 
fields. In our case these monomials are given by 

em •= ^ ty/, • • • 1>in)t S (BKl ...Bhm)t, (36) 

where ipi a.re superspinors and Bk are superfields, 
ip := {ip,ipc}, B := {A,E}. The symbol A means 
antisymmetrization in the indices I\ . . . IN, while S 
means symmetrization in K\ ... KM, and the index 
t indicates that all operators are taken at the same 
time t. 

In the case of temporal gauge the A- and ^-f ie lds 
and the ip- and ipc-fields are contained in (36) and 
these monomials serve as algebraic basis elements 
for the construction of GNS-basis states which can be 
alternatively defined by the set { ( 0 | e ^ } , i.e. by the 
vectors 

< / , . . . / „ , K X . . . K M \ := 
(37) 

( 0 \ A ( I P I ] . . . I P I N ) T S ( B K ] . . . B K I I I ) T . 

Due to the quantization relations for field operators 
any disordered monomial can be expressed by ordered 
monomials, see [4]. Hence the GNS-states based on 
the ordered monomials are complete. If we consider 
a physical eigenstate | a) of the energy operator H, 
then this state can be characterized by the set of pro-
jections { ( 0 | e ^ | a ) } onto the basis vectors (37), and 
(35) can be used for the calculation of these projec-
tions as well as the corresponding energy differences 
(EA — EQ) = AE provided this calculation is related 
to a definite representation, see [4], We remark that 

1051 

such energy differences can directly be derived and 
justified as Arveson spectrum from the Heisenberg 
automorphism in algebraic theory, see [1]. 

Furthermore, in order to obtain a compact formu-
lation the set {(0|e™ |a)} may be integrated into a 
generating functional state which includes the con-
struction of a corresponding functional metric space 
and a biunique map between functional space and 
Hilbert space leading to functional quantum theory. 
In the framework of this functional quantum theory 
quantum electrodynamics can be formulated. We ex-
pound this formalism only so far as it is needed for the 
solution of our problem. For further details see [4], 

The functional state corresponding to the state | a) 
is defined by 

\G(jM):= (38) 

n,m 

• ji\ • ••3inbK] • • • bKrn\0)F, 

where j j and bk are the functional source operators 
for fermions or bosons, respectively, while |0) f is 
the functional Fock vacuum, i.e., the basis states in 
functional space are Fock states. However, we em-
phasize that the metric of this functional Fock space 
is not identical with the metric of the physical state 
space expressed in terms of projections { ( 0 | e ^ | o ) } . 
This physical metric rather needs a special construc-
tion which we need not discuss here. For details see 
[4], In this paper we only discuss a suitable functional 
formulation of (35). We apply the formal variables ipj 
and BK for this derivation. 

In this formal description the field equations (3) 
read 

iiPj = Dji'ipi' + W f j , B^ipr, (39) 

IBK = LKK'BK* + JU'IPIIPR, ( 4 0 ) 

and the Hamiltonian (5) is given by 

H= i A I l I D I h i p I l i p h 

+ \ A h I W F h B K i p I x i P h (41) 

+ K^KL k K2B K\B K2. 
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where we applied the fo l lowing definitions 

Dw := - (iakdk - ßm)aQ, 6xyS(r - r'), 

W f t , := eaJ
aQ,alx,6lv6(r - r')6(r-z.), 

LK K' •= iöjj'öril^'öiz - Z ) 

+ iSJ3' AzP?T6(z-z'), 
tK 

J?r ••= -^C^k)aala2
xy6(z -r)6(z - r ' ) ^ , (45) 

(46) 

(47) 

For a proof of relat ions (49) we refer to [14] and [4]. 
The proof of (50) runs along the same lines as the 

(42) proof of (49). 
These theorems directly allow the mapping of (35) 

for all monomia l s O into funct ional space. In doing 
so, due to (49), (50) we obtain for any ( 0 \ ( Ö H ) \ a ) 
and ( 0 \ ( H O ) \ a ) a project ion and if the set of O is 
comple te this is equivalent to the funct ional equat ion 

(43) 

(44) 

CKK' '•= ~^jj'(T2
v,Ö(Z - z ' ) , 

and where the indices / and K mean 

H [ - d b - l - C b , - d f - l - A j 
i 2 i 2 

(51) 

-H [\db + j C 6 , \df + \ A j ) |\Q) = AE\Q), 

where H = H(B, ip) in accordance with (41). 
(48) This kind of t ransformat ion of Hilbert space equa-

tions into funct ional equat ions can be equally well 
with r = posi t ion, a = spinor index, A = superspinor applied to the Gau ß constraint . 

I : = r , a , A; K :=z,j,r/ 

index, A = 1 = spinor, A = 2 = charge conjugated 
spinor, and z = posit ion, j = vector index, 77 = 1 = reads 
vector potential , 77 = 2 = electric field. 

In this fo rm, by means of (35) - (38) the field equa-
t ions (39), (40) can be mapped into functional space. 
We employ t w o theorems describing the rearrange-
ment of unsymmetr ica l monomia l s of field operators 
into symmetr ica l monomia l s for boson operators and 
ant isymmetr ical ones for f e rmion operators and which 
are expressed in terms of generat ing functional states. 

In our formal descript ion the classical Gauß law 

(52) iP) := N^Bk + Rj^hipI]iph = 0 

with 

9 
N := b^cfj^ir - rx) \ cfn := dxr 

(53) 

K h •= - » « ( O y )a , a 2 "A,A 2 
<K , 2 ö ( r _ r i ) ö ( r _ r 2 ) 

Proposition 1: 

( 0 | A ( I P M ] • • • IPMJ)Bv\ • • • BVeA(iP7| . • • ipin )S(BK] ... BKJ\a) = 

1 
+ M j 

1 -v/ i A 

~dVe + 2Cv'ytbve + ^Cv]v;bv> | S 0 \ M ) > 

and 

Proposition 2: 

{0\A(ipI]...ipIn)S(BK,...BKm)A(iPM]...^MJ)Bv,...BVe\a) = 

1/ 0|ö{n • • • d{db
K] ... db

Km f ja 6
V | - l-CVxV;bv; ~ 2 c v e v ; b v ; 

i 1 Kf i , 

(49) 

(50) 

where { & } are the duals of { j } and {3 6 } are the duals of {b}. 
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In quantum electrodynamics the Gauß law is weakly 
implemented by G(B, ip)\a) = 0 for all physical states 
|a) , i.e. Equation (28). 

In the algebraic version this weak condition is pro-
jected on the GNS-basis states, which leads to the set 
of equations 

{0\AWh ...ipIn)S(BK] ...BKm)GL(B,iP)\a) = 0 (54) 

for ( n , ra = 0, 1 . . . o o ) . 
Again we can apply Proposition 2, and in this way 

map conditions (54) into functional space. This yields 

G i ( 7 3 t - 5 C 6 < 7 a , - H ' e > = ° ( 5 5 ) 

As H is invariant against U-transformations in Hilbert 
space, it follows that G(r) commutes with H , i.e. 
equation (24). 

If the map is isomorphic, then also the functional 
images of GL and H have to fulfill these relations. In 
order to show this we study the commutat ion or anti-
commutation relations, respectively, of the functional 
variables occurring in equations (51) and (55). 

The basic variables in functional space are the 
fermionic sources j i and the bosonic sources bx-
Together with their duals d{ and db

K the nontrivial 
relations 

j / , d / < = Sir, J + 

d/sT '^A ' j = ÖKK' 

(56) 

hold, while all other commutators or ant icommuta-
tors, respectively, vanish. The generating function-
a l (38) are embedded in a functional Fock space, 
i.e. 3 { | 0 ) f = = 0, V / , K . As was al-
ready mentioned, this functional Fock space is only 
a book-keeping device and lacks any physical mean-
ing. In particular this functional Fock space does not 
fix the field representations in various Hilbert spaces 
f rom the outset, because these representations are ex-
pressed by the matrix elements ( 0 | 0 | a ) or ( 0 | 0 | 0 ) 
themselves which are in no way influenced by this 
auxiliary Fock space. The only task of this Fock space 
is to allow a compact formulation of the field dynam-
ics governed by the field algebra. 

From (51) and (55) it is obvious that not the sources 
j and b and their duals themselves are the variables of 
the functional Hamilton and Gauß operators. Rather 

these operators exclusively depend on "Bogol jubov" 
transformed functional variables, which of course are 
also only book-keeping devices! For these new vari-
ables the nontrivial relations 

-dh' ~ «CKLbL 
l 2 

= Ckk' II, 

- d b
K + ~ C K L b L 

i 2 

= — C k k 1 H, 

-db
Ki - -CK'L'bL> 

i 2 

-db
A" + ~CK'L'bL' 

i 2 

(57) 

= - A / / / 1 I , 

-A p j . j j . 

(58) 

= Au' n 

hold, while all other commutators or anticommutators 
vanish. 

We notice that in Hilbert space the quantization 
conditions (18), (19) can be rewritten in terms of the 
formal fields BK and ip j which leads to 

= Au> A 

[Bk,BK']_ = Ckk'R 

(59) 

A comparison with (57), (58) shows that the "Bo-
gol jubov" transforms of j i and obey isomorphic 
commutation or anticommutation relations to their 
corresponding original fields, i.e., their inverse image 
in Hilbert space. 

Proposition 3: The images of H and G in functional 
space obey the same commutation rules as the origi-
nal operators in Hilbert space. 

Proof: In accordance with (51) the functional Hamil-
tonian is defined by 

7i:=H[-db-l-Cb,-df - U j 
i 2 i 2 

+ i A j ) , 

(60) 
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while the Gauß operators are defined by 

Ql := G _ 1C6, V - '-Aj 
i 2 i 2 (61) 

Due to the vanishing of the commutators which are 
not mentioned in (57) and (58), it is 

g \ H [ - d b
+

l - C b , - d f
+

l - A j 
i 2 i 2 

= 0. (62) 

In the remaining part of the ^ -commuta tor the 
variables are isomorphic to their inverse images in 
Hilbert space. Hence also the commutator is iso-
morphic to its inverse image in Hilbert space, i.e. it 
vanishes. 0 

Finally we observe an asymmetry with respect to 
the variables occurring in equations (51) and (55). 
This asymmetry is removed by the following theo-
rem: 

Proposition 4: Together with (55) also 

GL Q a ' + i c ^ V + i A j ) | < ? ) = 0 

holds as constraint in functional space. 

Proof: We consider the matrix element 

<0| GLA(il>il...if>In)tS(BKl...BKm)t\a) 

= (0\GL(B^)enJa). 

(63) 

(64) 

We decompose e ^ into a gauge invariant part e ^ and 
a gauge dependent part k!^, such that e7^ = e™ + 
holds. Then e £ j a ) is a gauge invariant state and thus 
it is Ge™ |a) = 0. Hence we have 

(0\GLen
m\a) = (0\GL^m\a). L , „ N (65) 

The complete set of states |a) is given by all eigen-
states of Eqs. (25) and (26), i.e. with inclusion of all 
states for ga ^ 0, which are gauge dependent. For 
this complete set {|6), \/Eb,gb} the orthonormality 
relations (b\b') = 6bb> hold. It is therefore possible to 
use the expansion 

(0\GLKn
m = Y,cb(b\. (66) 

We first show that the right-hand side of (66) cannot 
contain gauge invariant states. We decompose the set 
{| ft), V Eb,gb} into two subsets {\b)9 V Eb, gb 4 0}U 
{|6)° V Eb,gb = 0}. As we work with the full 
set of cartesian field variables, hermitean conjuga-
tion does not alter the eigenvalues of the eigenvec-
tors. Therefore we can rewrite expansion (66) in 
the form <0|GLnn

m = £ < V ( 6 | + £ c b o ° < 6 | , and if 
we multiply from the right by any this gives 
(0 |G L K^\b ' ) ° = cbl0°(b'\b')°. The right-hand side is 
invariant, the left-hand side is not. Hence all cbo must 
vanish. This means that all states (b| occurring in (66) 
must belong to eigenvalues gb 4 If w e substitute 
(66) into (65) and observe the orthonormality rela-
tions we obtain 

(0\GLeZl\a)=Y/cbg
9(b\a)=0 (67) 

b 

as |a) belongs to the eigenvalue ga = 0. Taking into 
account proposition 1 we obtain (63). 0 
Proposition 3 holds for Gl of (63), too. 

5. Evaluation of Coulomb forces 

We first summarize the results obtained by the al-
gebraic formulation of quantum electrodynamics in 
functional space. In order to transform the Heisen-
berg dynamics into functional space in accordance 
with propositions 1 and 2 we have to perform the 
replacements 

^a(r) - da(r)~ 
i 

ipc
a(r) 7 y . W - 2 (Cy )aa' ' j a ' ( r ) , 

Aj(r) =>-

Ej(r) => 

I J 

- 3 f ( D -I J 

for i = 1. These expressions fulfill the commutation 
and anticommutation rules (57) or (58), respectively. 

Although these combinations follow directly from 
the rearrangement theorems it is convenient to intro-
duce a slightly modified version in order to construct 
the transformed functional Fock spaces. So instead of 
the replacements for and E we consider 

(Ci°)aa.ti>e
a,(r) = rair) 

y ( C 7 V ^ ( r ) - ^ a ( r ) , ( 6 9 ) 

iE3{r) df (r) - \bf{r\ 
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while the other substitutions remain unchanged. Anal-
ogous relations hold for the i = 2 case. Thus in or-
der to apply the rearrangement theorems we have to 
rewrite the Hamil tonian in terms of tp, ip+, A, iE, and 
for these variables we substitute the new set of vari-
ables in funct ional space. For i = 1 we define 

X (r) := + (70) 

Y j ( r ) := d f ( r ) - - b f ( r ) = : Y ^ 

Zl
a(r) := -\(C^°)aßdc

ß(r)+~ja(r)=:Zl 

and for i = 2 we define 

V 
I 
\E 

X j ( r ) := ^ ( r ) - l - b f ( r ) = : X 2
K , (71) 

Y f ( r ) := d;(r)+-bf(r) 

d2
a(r) := I a Q ( r ) + l ( C 7 ° ) Q ^ ( r ) = : 9 2

7 , 

Z2
a(r) •= \{C^)aßdCß(r) + ^ja(r) =: Z2. 

These variables obey the commutat ion or ant icom-
mutat ion relations 

\XkiXK'\- = &KK', (72) 

Z\,d\, = &ir, 

[ X K I Y K ' ] _ = F>KK', 

Z],dr = 61 r, 
while all other commutators or anticommutators, re-
spectively, vanish. The renormalized energy eigen-
value equat ion (51) in functional space then reads 
explicitly in these new variables 

£ 
i=i 

( - 1 ) 1 

Yj(r)Y;(r) + X;>«(r)AX^(r) 

+ eX;(r)Zlt(r)aJ
aßdl

ß(r) (73) 

- Z* (r) ( i a k d k - ßm)aß d ^ ( r ) } d 3 r | £ ) = AE\G), 

and the Gauß constraints (55) and (63) are given by 

-dkYZ(r) + ( - 1 ) ^ - d l
Q ( r )Z l ( r ) 

l 2 L 

\G) =0, i = 1 , 2 . (74) 

The doubl ing of the degrees of f reedom is no fail-
ure of the theory, because Xx

K, X2
K and so forth re-

sult by a canonical t ransformation f rom the original 
source operators jA,dA and so forth, and this canon-
ical t ransformation is biunique. In addition, the fact 
that two Hamil tonians occur in (73) indicates that the 
Heisenberg equation (35) is expressed in functional 
space and not the eigenvalue equation (25). Neverthe-
less, in the fol lowing we will show that this similarity 
of the funct ional equation to Hamil tonian eigenvalue 
equat ions allows a t reatment of the quantum trans-
format ion which effects the explicit appearance of 
Cou lomb forces in temporal gauge. 

We observe that in the commuta t ion relations (72) 
the sequence of the i = 2 variables is reversed in com-
parison with the i = 1 variables. In comparison with 
the conventional commuta t ion relations in Fock space 
this dif ference enforces a different interpretation of 
the i = 2 variables compared to the 2 = 1 variables. 
In order to clearly identify the meaning of the various 
variables, in the fol lowing we use the notation 

U K 

:= X% 

Xx
K Xx

K, 
X2 —V2 

A K • - r K i 

(75) 

which expresses the difference between these pairs 
of variables. However, the change of notation is not 
sufficient for a proper treatment of our transforma-
tion problem. Rather, together with this introduction 
of a new notation it is necessary to change the co-
ordinate system in funct ional space in order to work 
successfully with the new variables. 

In conventional many body physics the introduc-
tion of Bogol jubov t ransforms is coupled to the intro-
duction of new vacua. It is likely to perform such a 
transition to a new vacuum also in the present case. 
Al though the funct ional Fock space is only a book-
keeping device, a t ransformation of the Fock vac-
uum effects a rearrangement of the matrix elements 
in the generating funct ional state which is equivalent 
to a t ransformation of their defining state equations 
to a new set of variables. In this way the choice of 
a t ransformed funct ional vacuum is part of the strat-
egy to obtain appropriate solutions of the functional 
equat ions under consideration and in an indirect way 
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it is connected with the fixing of a specific algebraic 
representation. If we denote the transformed func-
tional vacuum by |0)'F the operators d{

K := Y^ and 
d2

K := X2
K should act as annihilation operators. This 

means 

%k\0YF = (76) 

52k|0) ' f = { ( d £ - ^ f ) |0) 'F=0. (77) 

Analogous conditions are imposed on the new 
fermion vacuum. 

These conditions can be satisfied if | 0 ) F is related 
to the original functional vacuum state |0) F by 

| 0 ) F = exp | ^ J bf(r)bf(r)d3r 
(78) 

+ 2 / j « W c r U 3 ß ( r W r \ | 0 ) F . 

So far we dealt with operator transformations. The si-
multaneous transformation to a new vacuum state (78) 
raises the question how this transformation affects the 
functional state vector |Q). 

First of all one has to observe that the state vector 
\G) transforms covariantly with respect to the trans-
formation properties of its Hilbert space image |a), 
i.e., the original physical state vector. On the other 
hand, with respect to its Fock space representation in 
functional space the state |G) has to be considered as 
an invariant vector. Writing (38) in symbolic form we 
have 

ie> = £ T n l ^ n / F , (79) 

where { | e n ) F } is the set of Fock space basis vec-
tors. If |G) is referred to another set of basis vectors 
{ | e n ) F } , due to its invariance against changes of the 
basis system it is 

= X T n l = X Tn\en)'F- (80) 

Hence we can equivalently expand the functional state 
vector with respect to the new basis | 0 ) F and the new 
variables Xl

K, i = 1,2, which leads according to (76) 
(77) to a new Fock space construction in monomials 
o f X l

K applied to |0)'F. 

In the following we assume \Q) to be expressed in 
this transformed Fock basis and solve (73) under this 
condition. 

In a first step we rewrite the eigenvalue equation 
(73) and the constraints in the new variables. We 
define 

aJ ( r )d J - ( r ) + 3 : y \ r ) A X y \ r ) 

+ J eX)(r)Zl{r)a>af3d\(r)d3r 

- J Zi(r) (iakdk - ßm)aß a^(r)d3r 

d r 

(81) 

and 

1 
n2:= - X](r)X2(r) + dy\r)AdY(r) 

+ I edj(r)Z2
a(r)aJ

aßd2
0(r)d'r 

d r 

/ / (82) 

- / Z2
a(r)(iakdk-ßm)aßd;(r)d3r, 

and thus from (73) we obtain the eigenvalue equation 

CHl+H2)\G)=AE\G), (83) 

while the Gauß constraints (74) go over into 

[*ajfcSi(r) + p,(r)] \G)=0, 

[idkX2(r) - P2(r)] IG) = o , 

Pi(r) := - Va{r)Zl
a(r) 

(84) 

(85) 

(86) 

We observe that due to the transformation (78) and 
the corresponding commutation relations for the new 
variables, the operators Xl

KlZ} are creation opera-
tors, while d l

K i d ) are annihilation operators. Hence 
we have the relations 

, i = 1,2, 

and (83), (84), (85) can be written in the form 

[Hi {(Xl)+,X\(Zl)+,Zl) 

+ n2 ((ä'2)+, x 2 , (z2r, z2) ] |g) = ae\g), 

[idkXl(r)+ + Pl(r)]\G) = 0, 

[idkX2(r)-p2(r)}\G) = 0. 

(87) 

(88) 

(89) 

(90) 
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From these equations it follows that in (88) -(90) the 
two sets of variables i = 1 ,2 are strictly separated 
and that in addition the Fock vacuum |0)'F can be 
represented by |0)'F = |Ö)F <g> | 0 ) F , i.e. the direct 
product of the vacua for the two sets of variables. In 
accordance with these properties we can introduce the 
ansatz 

\G) = \G)X®\G)2, (91) 

where the states \G)\ i = 1 ,2 are referred to the 
corresponding subspaces of the whole Fock space. 
These states then have to satisfy the equations 

and 

WilS)1 = Ex\G)\ 

n2\G)2 = E2\G)2 

\tikx\(r)++ Pi(r)]\G)x = 0, 

[idkX2(r) - p2(r)} \G)2 = 0. 

(92) 

(93) 

(94) 

Hence in the following we have to evaluate (92) - (94). 
As in these equations absolute energy values appear 
we consider the whole system enclosed in a finite 
volume V . Afterwards we remove this restriction and 
perform the limit V —> oo. We consider the cases 
i = 1 ,2 separately and later on combine the results. 

We start with the i = 1 case. The divergence op-
eration in (93) acts on the functional variables as a 
projection operator which annihilates the transversal 
parts of (r) = XI (r)+. For a proper treament of (93) 
we thus have to decompose all vector variables in their 
longitudinal and transversal branches. This decompo-
sition for functional variables can be performed in the 
same way as in function space and we obtain 

d lK = ( P i + P t ) d 1
K = ( 9 5 ) 

Xl
K = (Pi + Pt)Xx

K = Xljf + X^k* 

with Pi and Pt projectors in function space. With 
this decomposit ion the commutation relations (72) 
are transformed into 

K 

a j f , x 

= Pcb £VK K' 

- PtÖKK'i 

and with these variables (93) goes over into 

"®a*3I 'V)+Pi ( r ) l I G ) l = 0 . 

(96) 

(97) 

(98) 

In analogy to (15) and (16) we rewrite (98) in the form 

W w e y = 47T 
dkc(ry)Pl(/yd3r'\gy m 

with C( r , r') \= \r — tJ\ 1, and due to 

repeated application of (99) yields 

S M dk iP 1 = 0 

f 
a i ' W M d V i e)1 = 

- J'-/p,(r)C(ry)M'J)dVdVia)1. 

Substituting this relation into (92) for i = 1 yields 

1 

(100) 

- / 

p 1 ( r ) C ( r , r ' ) p 1 ( r ' ) d 3 r d 3 r / 

7T 
(101) 

d-V 

X l / ( r ) + X ^ ( r ) • 1,tr / Zi(r)aiMr)d3r 

-Jzl
a(r)(iakdk - ßm)aßdß(r)d?r>^\G)1 = EX\G)1. 

At this point the analogy to classical electrodynam-
ics cannot be continued because it is not possible 
to remove the longitudinal X operators by a gauge 
transformation with classical function f rom (101). We 
are rather forced to take into account the properties of 
the generating functional states in the new variables. 
We know that by construction of the Fock space the 
basis vectors of the state \G)X must be monomials of 
Xl

K and Zj applied to | 0 ) F . If we decompose X \ 
into longitudinal and transversal parts this decompo-
sition allows a decomposit ion of 1, 

\G)1 = \G)\ + \G)l, (102) 

where \G)\ contains only state vectors without mono-
mials o f X ^ . Substitution into (101) and comparison 
by powers of X \ f leads to the zero order equation 

K\G)[ = E,\G)\. (103) 

This equation is identical with the i = 1 part of the 
functional equation of quantum electrodynamics in 
Coulomb gauge. Therefore the state functionals |G)\ 
represent the physical part of the whole state \G)1. In 
dependence on \G)l

c the part |G) l can be calculated 
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up to residual gauge freedoms, but is of no physical 
relevance. 

We now discuss the i = 2 case. The corresponding 
equations are 

N2\G)2 = E 2 \ G ) \ 

[idkX2
k(r) - p2(r)} |G) 2 = 0. 

(104) 

In the functional subspace of the i = 2 variables these 
equations have nonhermitean operators. Nevertheless, 
their inverse images in Hilbert space are hermitean. 
Hence in accordance with the general theory of G.N.S. 
representations of hermitean operators [4] these oper-
ators possess left-hand solutions which belong to the 
same eigenvalues as the right-hand solutions. We con-
sider the left-hand solutions 2(<S| in functional space 
which are eigenstates of (104) in the form 

2 ( S \ H 2 = 2 ( S \ E 2 , 

2(SI \idkX2{r) - p2(r)] = 0. 

(105) 

By hermitean conjugation in functional space we ob-
tain from (105) 

H+
2\S)2 = E 2 \ S ) 2 , 

\—idkX2
k(r)+ — p2(r)+] |S ) 2 = 0, 

(106) 

and if we take into account (86) and (82) and p2(r)+ = 
p2(r) we obtain for (106) 

H t = f \ dz
J{r)dz

J(r) + X2/\r)AXJ 
2,tr (r) dr 

and 

+ J eXj(r)Zz
Q(r)aJ

aßdß(r)d3r 

- J Z2(r)(iakdk - ßm)aßd2
ß{r)d3 

-idkd2
k(r) - p2(r) | S ) 2 = 0 . 

(107) 

(108) 

From (107) and (108) it follows that Eqs. (106) are 
analogous to the corresponding equations for the i = 
1 case if one replaces i = 1 by i = 2. Therefore 
equations (106) can be treated along the same lines as 
for the i = 1 case. This yields 

n2
c
+\syc = E2\sz)c (109) 

with 

'H2+:= I - ^ p 2 ( r ) C ( r , r ' ) p 2 ( r ' ) d V d 3 r 
3 i 

8tt 

- I i 
d 3 r 

(HO) 

a f ( r ) a f ( r ) + X f ( r ) Z \ X 2 ' t r ( r ) 

+ J eX2/\r)Z2Jr)aißd2
ß(r)d3r 

- J Z2
a(r)(iakdk - ßm)aßd2

ß(r)d3r, 

which is identical with the Coulomb gauge Hamilto-
nian in functional space, apart f rom the special no-
tation of the variables employed. Therefore also 
possesses a hermitean inverse image in Hilbert space, 
and thus with (109) the equations 

2
C(S\H2

C = 2
C(S\E2 ( 1 1 1 ) 

and 

n2
c\G)2

c = E2\G)l (112) 

are simultaneously satisfied. Furthermore, if we now 
define the product state 

\G)c'=\G)lc®\G)2c ( 1 1 3 ) 

then this state satisfies the equation 

(H2
c + Hl)\G)c = AE\G)c, (114) 

which is idential with the equation resulting from the 
direct quantization of electrodynamics in Coulomb 
gauge, as will be demonstrated in the following 
section. 

6. Proof of equivalence 

With (10), (14) - (17) the Hamiltonian in Coulomb 
gauge is given by 

Hc := I j d \ + ( V x Atr)k ( V x Atr) J 

( i p C ^ o 2 ^ ) (r) 

Cir.r') (r') 

- - [ d3rd3r' — 
2 / 1Ö7T 

(115) 

d 3rip+(-akdk + m,ß)4) 

- J d 3 r i p + e a k A t
k

r i p 

In (115) we replace E{R by PtE and Al
k
r by PtA. 

Then we apply the formalism of sections 4 and 5 
to the Coulomb gauge Hamiltonian (115). As due to 
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these replacements (115) depends on the the E- and 
A-fields, the calculation runs along the same lines as 
in the case of temporal gauge, apart f rom the elim-
ination of the Gauß law. We obtain then the result 
that the Coulomb functional energy equation result-
ing f rom these calculations is equal to (114) if one 
identifies the functional state |Q)c with the Coulomb 
gauge functional state. This simple proof of the equiv-
alence of the temporal gauge functional equation and 
the Coulomb gauge functional equation rests on the 
use of the new variables (70) and (71). It is, however, 
of interest to compare our results with previous calcu-
lations performed in Coulomb gauge in order to gain 
confidence into the new formalism. 

The algebraic treatment of quantum electrodynam-
ics in Coulomb gauge without use of the new variables 
was performed in [14] and reviewed in [4], There the 
fol lowing functional equation was obtained: 

jiDu'dr ~ ijiWfj,di'db
K + bKLKK,dK, 

+ JiC 

+ i JK 
+ L J M | M2 

MI M2M3 

— -^AM2I2AM\I\ jl2 jl^M3 

+ - ^ A i ] M l A i 2 M 2 j l l j l 2 

(116) 

•\fc(j,b,a))=AE\Tc(j,b,a)) 

with ji fermion sources and dj their duals, and bk 
boson sources and db

K their duals. The symbols in 
(116) are defined as follows: 

Dir := - (iakdk - ßm)aa, 6(r - r')Sxy, 

W f v := eak
aa,6(r - r')6(r - z)a\x.,6lrn 

LKK' := i0jj'0v\02r,'0(z - z ' ) 

+ iAzS(z - z)8jj' SV2<W, 

• 2 
: = — ^ T {(^ ,70)a1a2^aa3O'A1A2<TAA3 

• C(r — r 1 )6(r \ — r 

C M\ M2 M3 
I 

) a 5(123) 

tk J m,M2 •=--Pt
z
r6(z-rAHz-r2) 

e 
2 " 

• (C~fk)a]a2Cr\]\2Ö2r]-

For a comparison with (114) obtained by transfor-
mation f rom temporal gauge equations (73) and (74), 
equation (116) has to be further prepared. 

Proposition 5: Equation (116) can be exclusively for-
mulated in terms of transversal boson sources btT

K and 
their duals 

Proof: Let uk(r) be an arbitrary vector field and vk(r) 
a transversal vector field vk (r) = v)Ur). Then 

(117) 

j uk(r)vl(r)d3r = J < ( r ) < ( r ) d 3 r (118) 

provided the scalar product integral does exist. We 
apply this result to the state functional | T c { j , b, a)). 
In Coulomb gauge this functional state is exclusively 
formulated with respect to transversal A - andZs-fields. 
Hence the corresponding matrix elements act as pro-
jectors on the corresponding sources, and due to (118) 
it must be 

| . F 0 \ M ) > = | - F c 0 ' , ö t r , a ) ) , (119) 

where btT is the transversal part of b. Furthermore, 

with db
K = + we conclude 

- i j i W f r d r d 0 « \ T C ) = - i j j W ^ d r d f m ( 1 2 0 ) 

as db£ IT c ) = 0 due to (119). Observing the definition 
of Lkk1 and (118), we obtain 

bKLK = b"KLKK.dhg\TC). (121) 

The transversal projector in J f a M i can be incorpo-
rated into bK by replacing bK by bir

K. Hence by taking 
into account these results, we have instead of (116) 
the equivalent equation 

jjDjrdr - i j i W f r d r t f p + afc! 

M ' M 2 M 3 < du.d^d, + jiCjM 

4. j JK lA 

>M]VM2
aMi 

— -^Am2i2Am\u3 i2j z,d m3 

+ -^AjlM\Ai2M2jI[ji, 

(122) 

\Tc{j,\a))=AE\Tc{j,b\a)) 
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Proposition 6: Equations (124) and (125) are equi-
valent. 

(123) Proof: The proof is rather extensive. We start with the 
discussion of the Coulomb terms in (125). We recall 

n , c | j . , , . . . the definition of P l given by (86) and the definitions 
i.e. all terms formulated in transversal boson variables. „ , ' N . 
0 

of the corresponding variables (58) and (70), (71). 
Then for i = 2 we rewrite the Coulomb term in the 

In a second step we replace the source operators following form 
6K and their duals d K in (116) or (122), respectively, \ r 
by their definitions bK. = (r), b£(r)} and dK := p2(r)C(rJr')p2(r')d3rd3r' 
{d^ (r), dk (r)}. In this notation (122) reads 

b f \ r ) d f \ r ) d \ + i j bf*(r)Adf>\r)d3r with 

• e 7 £\tr, ^ i-2b, (r) , A, (r)(Cy )aia2cr2
x. A A 2 A2 (R) 

:= ( -5/ + \Air31' 

- j f a , Pl (/•)(l3 C)ß, ß2 v2
P]P2jß2P2 (r) d r C 

- J ja\(r) [iakdk- ßm]a0dßX(r)d3r 

- ie j ja\(rWaa,a\x,da>yir)dfü{r)d3r 

hhV\V2 •-

o2 r 
^ / K / l / 2 ( r )«v 1 v 2 ( r ' )C( r , r ' )d 3 rd 3 r / , 

(126) 

(127) 

(128) 

le 
87T 

(124) 
j a A ( r ) [ ( C 7 0 ) Q i a 2 < 5 a Q 3 ( 7 2

i A 2 ( T 3
A 3 

• C f r r M n - r 2 m r - r 3 ) ] a s ( l 2 3 ) 

[5q,A, (/"l ) d a 2 A 2 ( f 2 ) d a 3 ^ ( n ) 

~ ^ ( G 7 0 ) a 2 ß 2 ^ i 2 P 2 ( C - / ° ) a l ß l C r l p i 

• jß 2 A 2 (r2 )jßx A, (r 1 )dß3 a3 (r3)] 

d 3 r d 3 r i r f 3 r 2 r f 3 r 3 l | J " c ) = AE\TC). 

and 

« / , / 2 ( r ) := ( C 7 ° ) a 1 o ^ A I A 2 ^ - - r2), (129) 

while for i = 1 we write 

with 

-L j p\(r)C(r,r')pi(r')d3rd3r' 

= ^ Cjx i2 v, v24>h <t>i2<i>vi <t>v2 

1 i 
0 / := ( t 3 / - ~Au>ji' 

i 2 

The proof that the transformation of the temporal 
gauge yields the Coulomb gauge for the \Q)C equa-
tion has to be performed by a comparison of (114) 
with (124). For convenience we explicitly write down 
(114): 

{ s l / PiWtT^P i ( r ' ) d 3 r d V - J p2(r)C(r,r')p2(r')d3rd3r' 

Definition (128) leads to the relations 

C/, i2 v, v2 = — C/2/,Vi v2 = —Ci\i2v2v, 

= Cy]v2l]l2-

(130) 

(131) 

(132) 

1 
d r + 

1 
X f ( r ) * f ( r ) + a f ( r ) Z \ ä 2 ' V ) d r 

(125) 

+ e J r/T(r)Zl
a(rWa0d^r)d3r + e J d2/\r)Z2

a(rWQßd2
ß(r)d3r - Z*Q(r)(iakdk - ßm)aßdl

ß(r)d3r \\Q)t 

= AE\G)C 

i= 1 
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If we take into account these properties and the anti- evaluating these expressions, commutation relations 
commutation relations (58) we get of the sources, properties of the Dirac algebra and 

partial integrations have to be applied in order to 
Chhhu9heheheu (133) show the stated equivalence. In particular differen-

tiations of source operators are shifted to their duals 
_ r1 a a o 0 a. ^ r a a by partial integrations. One can easily make sure of - M/,/2/3/4]-<1234> 0/10/2 0/3 + ~ C h h h h A I x h A h h , J V & 3 , 

£ the correctness ol such operations by projection of the 
, . , , , n , • 1 1 . , corresponding operators on the generating functional 

and this equation holds for the e>/-variables, too, due . , , • , , 
. • • r / m . -.u >. \ 4 states. Partially the calculations are rather lengthy, 
to the invariance of (133) with respect to A —»• — A. rT _ , J. , , . , 
TT , . Hence for brevity we can only give the results which 
Hence we obtain , . , . 

are expressed by the correspondences of the various 
2 | n terms in (124) and (125). After a short calculation we 

Pr(r)C(r,r')Pl(r')d3rd3r' (134) obtain 

= \c[hhhhUxlM) ( M h M i 4 - 0 / . M / A ) ja]'V)a]'tr(r)d3r (138) 

= JiC^hh (dhdl2dh + i A I x I [ A ^ j ^ j r d j ^ j + I J xy\r)xy\r)d3r = i j b f \ r ) d f \ r ) d 3 r 

if we substitute (127) and (131) into this formula and and 
directly evaluate it. The modified Vertexfunction is 
given by - - x)'\r)AX)'\r)d3r (139) 

2 r 

Ci]hh K[/,/2(r)«/3/4]('-')as(i234) ( 1 3 5 ) +l-J d2'\r)Ad2/\r)d3r = i J bf'\r)Adf'\r)d3r. 

•C(rr')d3rd3r'AhI. An extensive calculation is required to show that 
The functions n are antisymmetric, i.e., k/,/2(r) = 
- « / , / , (r), and by means of this property the relation e j xY\r )Z x

a {r)a J
a ß d X ß{r)d 3 r (140) 

K l h h i r ) K , M ( r ' ) a s < 1 2 3 4 , ( 1 3 6 ) + e f ^ z M ^ r 

= «[/,/2( '")«/3]/4( ' ' )as(123)- ^ 

follows. Therefore (135) can be written in the form ~ e J ^(r)d3r 

r / . / 2 / 3 _ ie2 U r ^ fi a2 ^ -i^ bf'l\r)\da]Xl(r)(Cy)a]a2a2
]X2dQ2x2(r) 

' (137) i 
• 6(ri - r2)6(r - r 3 )C( r - n)\ . -jjß^MW C)ßxß2(j2

pxpijß2p2(r) d 3 r 
J as(123) H 

and Substitution of this expression into (134) and subse-
quent comparison of the right-hand side of (134) with 2 „ 
the Coulomb part in (124) shows that the Coulomb - / ZlJr) (iakdk - ßm)^ dß(r)d3r (141) 
parts of (124) and (125) are equal. i = l J 

The remaining terms can be treated by substitu- r 
tion of the transformations (70), (71) into (125). In =~ I Jax(r) (ia dk - ßm) a ß d0X(r)d r. 
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Finally from (134) and (137) it follows 

2 1 f 
X ( ~ 1 ) l + V / M ^ a r y ^ V r d - v 

ie2 f 

= - g ^ / i a A ( r ) [ ( C 7 0 ) Q l Q 2 < 5 a a 3 c 7 ^ A 2 ( j i A 3 C ( r , r i ) 

•<5(ri -r2)<5(r-r 3 ) ] a s ( 1 2 3 ) [a Q | A l (r i )a Q 2 A 2 (r 2 ) ( 1 4 2 ) 

• j/?2P2(r2)j/Jip,(n)da3A3(r3)] d 3 r i d 3 r 2 d 3 r 3 d 3 r . 

The set of calculated identities (138) - (142) means the 
identity of (124), (125) under transformations (70), 
(71). 0 

Summarizing these results, we have evaluated the 
Coulomb forces in temporal gauge. After this evalua-
tion the functional energy equation in temporal gauge 
can be decomposed into a selfconsistent part identi-
cal with the functional energy equation in Coulomb 
gauge, and a part which contains the longitudinal 
fields. The latter is completely determined by the for-
mer and does not influence the energy eigenvalues. 
Hence after evaluation of the Coulomb forces in tem-
poral gauge the relevant part of the temporal gauge 
energy equation is identical with the Coulomb gauge, 
although no Coulomb gauge condition is imposed on 
the system, i.e., we have reached our physical ob-
ject to explicitly prepare the Coulomb forces and the 
mathematical object to obtain a selfconsistent calcu-
lation scheme. In addition, our proof demonstrates the 
equivalence of temporal gauge and Coulomb gauge 
in quantum electrodynamics based on the algebraic 
formalism. To complete the theory, of course, the 
equivalence of temporal gauge to covariant gauges 
has to be established and the relativistic invariance or 
covariance and the renormalizability has to be treated. 
But our primary aim was to develop an appropriate 
formalism for the resolution of quantum constraints. 
So the treatment of these problems remains to further 
papers. We only refer to [15] with respect to relativis-
tic invariance of noncovariant gauges and to [ 16] with 
respect to renormalizability. 

Finally a comment should be given about the al-
gebraic treatment and the problem of the foundations 
of QED. As in QED renormalization leads to infi-
nite constants, a rigorous mathematical justification 
seems not to be possible at present. This leads to 

doubts whether QED is correctly formulated at all, 
and to attempts to change the basic assumptions of 
QED, cf. [17]. However, with respect to the fact that 
so far the problem of inequivalent representations has 
not been sufficiently well treated it is too early to 
give up the basis of QED. It is this point of view 
which is pursued by the algebraic treatment although 
we do not use the usual covariant formalism. Apart 
from the resolution of constraints it is the advantage 
of the algebraic approach that it offers a clear con-
cept how to introduce various representations into the 
representation-free Heisenberg dynamics, cf. [4], And 
by treating global representations one is led to the in-
troduction of connected VEV's which have to fulfill 
nonlinear dynamical equations. Only a study of the 
peculiarities and the solutions of such systems will 
give a profound insight in the presently postulated 
QED. 

7. Functional canonical transformations 

In the preceding sections we applied canonical 
transformations (automorphism) in functional space 
in order to resolve the quantum constraint equation, 
i.e. the Gauß law. Although these transformations pri-
marily serve as a technical means, for a further eval-
uation of the theory their consequences have to be 
studied. In so doing it is not necessary to directly 
treat quantum electrodynamics. As the radiation field 
can be described by an ensemble of harmonic oscil-
lators we can confine ourselves to the discussion of a 
single harmonic oscillator to demonstrate the mean-
ing of these transformations. The only difference be-
tween the treatment of a single harmonic oscillator in 
functional space and that of an ensemble of harmonic 
oscillators, i.e. a quantum field theory in functional 
space, consists in the fact that the former canonical 
transformations of the oscillator go over into an auto-
morphism of the algebra of functional sources for the 
ensemble. But this does not influence their general 
interpretation. 

In the following we take over the results of the 
preceding sections without special reference, but we 
quote those formulas which are the corresponding 
electromagnetic expressions. We define the Hamilto-
nian of the oscillator by 

H=\(p2+q2) (143) 

with the commutation relation, cf. (18), 
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[p, = —i . (144) and in these variables 7i\ — H 2 can be written as 

With Q , := , and Q 2 := p the generating funetional 1 ^ ^ 1 ^ 
state is given by 1 z 2 V 2 v ' 

oo ^ while in the original sources we obtain 

I S ) : = X 7 j ( ° \ Q m - - - Q r , M K - - - K \ 0 ) F ( 1 4 5 ) 
<=i • Hl-H2=i(bld2-b2dl). (153) 

for oscillator eigenstates |n), n = 0 , 1 , 2 . . . oo, and s h o u W b e n o t i c e d t h a t ? a n d p a r e h e r m i t e a n o p e r a -
the eigenstate equation (35) is mapped into functional t Q r s w h i l e ^ ^ a r e n o t h e r m i t e a n . N e v e r _ 

space by theless this is no contradiction, as by these definitions 
of the auxiliary functional operators and correspond-

e d - H2)\G) = AE\Q) (146) 
ing states the map between algebraic state description 
in Hilbert space and functional space is biunique. 

On the other hand, in Hilbert space the harmonic 
2 x 2 oscillator can be described by non-hermitean opera-

^ i k - i ü + I f l a 1 + i & 2 j (147) tors, too. By 

with 

and = ~^=(a+ + a), (154) 
V 2 

we can transform (143) into 
where bv, dv, 77 = 1,2 are the source operators and 
their duals, i.e. [ d v , b v ] - = 1. We introduce the new u + 1 

X . = = u I 

Fl = -- ' h -> 
X2 : - i a , l 

Y2 --- d2 + 

variables, cf. (70), H = a+a+- (155) 

(149) a a + 1 - = ^ • ^ g e n e r a t i n g functional state 
can be defined by 

OO . £ 

\ Q ) = E • • • • • • ( 1 5 6 ) 

e=i 

with A\ := a + , A2 := a, and the eigenstate equation 
(35) is mapped into functional space by 

These variables fulfill the commutation relations, cf. 
(72), CHI-H2)\Ö) = AE\0) (157) 

[Xv,YvlU=6w(-1)^1 , 77,77'= 1,2. (150) with 

Thus X\ corresponds to q, while Y\ corresponds to p. H - (^ d + ^ b \ (^ d * + * (158) 
Consequently we consider Y\ as the dual of X\ and 1 ~ \ z 1 2 / \ i 2 2 / 2 
write 9x, = Y\. The reverse holds for X2, Y2. This 
leads to the following definitions, cf. (75), and 

B x , = a , : = r , ; * , : = X „ (151) n j W 1 i \ 1 

. d2 := X 2 ; X 2 := Y2, ^ = ( j 2 2 ' ) ( j 1 ~ 2 2 ) 2' ( m 
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where br),dri,r] = 1,2 are the source operators and 
their duals, i.e. [ ä ^ , ^ ] - = 1. We introduce the new 
variables 

X i = - i ^ i - ^ h ) , ( 1 6 0 ) 

Yi = -i(d2+i~b 

X2 = -i + ^b2j , 

% = - i ( d 2 ~ \ b X 

These variables fulfill the commutation relations 

it must be equal to (166), and with inclusion of her-
mitean conjugation a comparison yields 

5, = -U&! + ib2); 3, = ~{dx - id2\ (168) 
v 2 v 2 

b2 = A=(bi - ib2) ; d2 = + id2) 
V 2 v 2 

and |Ö)F = |0) F apart from an arbitrary phase factor. 
With respect to the other transformations (149) 

(151) and (160) (162) we supply them by the pos-
tulate that the transformed space has to be a Fock 
space again, in order to maintain the representation as 
a generating functional state. This leads to the condi-
tions 

[XvSr1i]- = -6VV'(-lr1. (161) 

Thus X\ correspond to a + , while Y\ correspond to a. 
The reverse holds for i — 2. Hence we can write dj^ = 
Y, and dy2 = X2 and thus introduce the definitions 

dx, = := Y\ ; X\ 

dy2 — d2 := X2 ; X2 := Y2. 

Then lri\ —1ri2 can be written as 

7Yi — U2 — A jd] — X2d2, 

and in the original sources we obtain 

(162) 

n, — 7i2 = — (b\d\ — b2d2"j . 

(163) 

(164) 

a„|o)F= 0 
dV2iÖ)F=dXljÖ)F= 0, 

ä„|ö>F= 0 

dy2lÖ)F=dxJÖ)F= 0, 

7?=1 ,2 , (169) 

V = 1 , 2 , 

where |Ö) F and |0) F are the new Fock vacua. 
The simultaneous validity of all equations in (169) 

can only be achieved if the operator transformations 
are supplied by corresponding state transformations. 
We start with a j O ) / ? = 0 which is guaranteed by 
direct Fock space construction. Then we define 

| 0 ) F = e ^ | 0 ) F 

and obtain 

Next we consider the connection between | Q) and | Q). 
Equivalently to (145) we can represent \G) by 

\Q) = (0\ezqb,+ipb2\n)\0) F (165) 

or by substitution of (154) 

\Q) = (0\e
la+^+lb2)+ia^{bl~lb2}\n)\0)F. (166) 

If \Q) is represented in the same way by 

( 1 7 0 ) 

d x , | 0 > F = [ d i - ) 1 2 \ 0 ) f = 0 , ( 1 7 1 ) 

and with X2 = dy, 

a y 2 | Ö ) F = ( y a i - ^ 2 ) e ^ 6 , b 2 | 0 ) F = 0. (172) 

Thus the transformation (149) is accompanied by a 
state transformation (170) which can easily be ex-
tended to become a unitary transformation. 

In the same way we can define 

| Q) = (O |e i a + 6 | + i a 5 2 | n ) |0 ) F ( 1 6 7 ) | Ö ) F = e - ^ | Ö ) F (173) 
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and satisfy the last line of (169) if 3JÖ)/? = 0 is 
satisfied. But this equation follows from (168) and 
| 0 ) F = | 0 ) F . 

Summarizing our results, we discussed the har-
monic oscillator in the p, (/-representation and the 
a + , a-representation and their various accompanying 
representations in functional space. As the functional 
states of the harmonic oscillator can be exactly calcu-
lated, we can compare the various representations in 
order to find those coordinates which lead to the most 
simple analytic expressions of the functional states. 
For simplicity we confine ourselves to the discussion 
of the eigenstate n = 1, i.e. 11) = a+10) h , where |0) h 
is the Hilbert space Fock vacuum. 

First we consider \Q) defined by (156) or (167) 
respectively. If we observe |Ö) F = | 0 ) F we obtain by 
normalordering for (167) 

| Q) = ( 0 | e m + V a 6 2 e - ^ 2 | n ) | 0 ) F , (174) 

and with (173) 

|G) = ( 0 | e * a + V a 5 2 | n ) | Ö ) F = (0 |e i a 6 2 | n ) |Ö) F . (175) 

This yields for n = 1, i.e. |£(1)), the state 

\G(\))=fb2\Ö)F, (176) 

and with (160) (162) 

| £ ( 1 ) ) = ( X , - X 2 ) | Ö ) f = X , | Ö ) f (177) 

i.e. a functional description which is as simple as in 
physical Fockspace and this is a solution of (157) in 
the representation (162). In addition this solution of 
(157) is also a solution of H\ and with corresponding 
variables of f t i , respectively. Hence in this represen-
tation not only f t \ - ii.2 but also f i \ and 7^2 them-
selves have a physical meaning. Hence if one likes 
one can construct the solution of the renormalized 
energy equation (157) by |G) = \G)\ <8> \G)i where 
| G)i are solutions of 

Hi\G)l = El\G)l, i = 1 , 2 . (178) 

We now consider |G) defined by (145) or (165), 
respectively. We apply the equivalent formula (166) 
and obtain by normalordering 

| G) = ( 0 | e m ^ ( f e , + 2 b 2 ) | n ) e ' ( b ^ ) | 0 ) F (179) 

and thus for n = 1 

| 0 (1 )> = - ^ ( 6 , - ( 1 8 0 ) 

With (149) and (151) this leads to the expression 

( x , - a 2 ) - O i - x 2 ) 

• exp 1 ( 1 , - 9 2 ) 2 - I ( a 1 - A ' 2 ) 2 ( 1 8 1 ) 
4 4 

10), 

i.e., a rather complicated expression in contrast to 
(177). Hence, with respect to the solution of the 
renormalized energy equation these coordinates are 
unsuitable, and in these coordinates no meaningful 
interpretation of the energy equations for 7i\ and H 2 , 
respectively, can be given. On the other hand, just 
these coordinates have been used in the preceding 
sections for quantum electrodynamics and are very 
suitable for the resolution of the functional constraint 
equations. Therefore a solution of constraint equa-
tions and a solution of renormalized energy equations 
have to be done in different coordinate systems. It is 
the purpose of this section to demonstrate that these 
different coordinate systems are compatible, as they 
are connected by a canonical transformation which 
analogously can be applied in QED and QCD. 

We thank Prof. Dr. Alfred Rieckers for a critical 
reading of the manuscript and valuable comments. 
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